GROUPS OF GIVEN INTERMEDIATE WORD GROWTH 
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Abstract. We show that there exists a finitely generated group of growth 
~ / for all functions /: M+ ^ R+ satisfying f(2R) f(Rf f(ri+R) for 
all R large enough and r)+ ^ 2.4675 the positive root of - - 2X - 4. 
Set a_ — log 2/ log * 0.7674; then all functions that grow uniformly faster 
than exp(H"^) are realizable as the growth of a group. 

We also give a family of sum-contracting branched groups of growth ~ 
exp(R°') for a dense set of a e [«_,!]. 



1. Introduction 

In |15) , Grigorchuk discovered the first example of group with growth function 
strictly between polynomial and exponential. Recall that the growth function of a 
finitely generated group G, generated by 5 as a semigroup, is 

v{R) = #{geG\g = si...s,,£^R,s,eS}; 

it measures the volume of a ball of radius R in the Cayley graph of G. This function 
depends on the choice of generating set S, but only mildly: say v ~ v' ii there is 
a constant C > such that v{R) ^ v'{CR) and v'{R) ^ v{CR) for aU R large 
enough. Then the ^-equivalence class of v is independent of the choice of S. 

Grigorchuk's result has been considerably extended, mainly by Grigorchuk him- 
self, who constructed uncountably many groups of intermediate growth |16j . See [IHSl 
[T3 1 I23 1 I26]. the books ^20.24. . or gL3]for a brief overview. 

Nevertheless, these results only give estimates on the growth of these groups. The 
first actual computation (up to of the growth function of a group of intermediate 
growth appears in 6 . Here, we prove that a large class of intermediate growth 
functions are the growth functions of finitely generated groups. Our main result is: 

Theorem A. Let t]+ ^ 2.4675 be the positive root of - X'^ - 2X - 4. Let 

f : M4. —>■ R_|. be a function satisfying 

(1) f(2R) ^f(Rf^ f(jl+R) for all R large enough. 

Then there exists a finitely generated group with growth ~ /. 

Set a_ = log2/log?7+ ^ 0.7674; then every submultiplicative function that 
grows uniformly faster (in the sense of (HJ) than exp(i?"-) is equivalent to the 
growth function of a group. 

The growth function of a group is necessarily nondecreasing and submultiplica- 
tive {f{R + R') ^ f{R)f{R')). Note that ^ implies that / is equivalent to a 
monotone, submultiplicative function. 
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The following examples of functions all satisfy ([T]); so special cases of Theorem |A] 
give: 

• for every a 6 [q;_, 1], there exists a group of growth ~ exp(i?"); 

• there exists groups of growth ~ exp(i?/log i?), of growth ~ exp(i?/loglogi?), 
of growth exp(i?/ log ■ ■ • log R); 

• there exists a group of growth exp{R/A{R, R)^^), for A{m, n) the Acker- 
mann function; this last growth function is faster than any subexponential 
primitive-recursive function; 

• for every a ^ /3 6 [ao, 1), there exists a group whose growth accumulates 
both at exp(i?") and at exp(i?^); this recovers a result by Brieussel, see [TU] 
and gO] 

• for any functions exp(i?"'') ^ g- ^ g+ ^ f- ^ f+ ^ exp(i?) satisfying ([T|), 
there exists a group whose growth function is between g- and , and takes 
infinitely often values in [/_,/+] and in [(7_,(7_|.]; this essentially covers a 
result by Kassabov and Pak, see [21] and t jl.3l 

Remark 1.1. Furthermore, the group in TheoremRlmav be chosen to be residually 
finite, and of the form Wui := Alx G^j for a Grigorchuk group Guj and a finite group 
A. Briefly, G^j is defined by its action on the set of infinite sequences {1,2}'^ , and 
X is the orbit of 2'^'; the wreath product W^j is the semidirect product xi G^^ 

for the natural action of G^j on X. See Sj^lfor details. 

We give illustrations in i^S.ll of sequences uj and the growth of the corresponding 

If additionally /(i?)2+2iogr,+/iogi? ^ f^rj^R) for all R large enough, then there 
exists a torsion-free, residually finite, finitely generated group with growth /. 
This group may be chosen to be an extension Gu: of Gu: with abelian kernel. See H2.3\ 
for details. 

If / is recursive, both of these groups may be chosen to be recursively presented, 
and to have solvable word problem; see i i2.4l and Remark 15.41 for details. 

We obtain more precise information on Wi^ in some particular cases. A group 
G is self-similar if it is endowed with a homomorphism (j) : G —>■ G }{i,,,,^d} 
from G to its permutational wreath product with the symmetric group &d. The 
self-similar group G is branched if there exists a finite-index subgroup K ^ G such 
that (l){K) contains K"^; see ^Hfor more details, or [S] for a survey of consequences 
of the property. A self-similar group G with proper metric || ■ || is sum- contracting 
if (j) is injective and there exist constants A < 1 (the contraction coefficient) and C 
such that, writing (j){g) = ((51, . . . ^gd^ir, we have 

i=l 

A weaker contraction property 'max||(^i|| ^ Aj|g|| -I- C is used extensively to 
study self-similar groups, and is at the heart of all inductive proofs. A key obser- 
vation by Grigorchuk in the early 1980's was that the (somewhat counterintuitive) 
sum-contracting property holds for a finitely generated group (he showed that the 
group GqY2 is sum-contracting with d = 8 and A = |). Let G be sum-contracting 
with contraction coefficient A, and write rj = d/X. Then G has growth at most 
exp(i?'°s'^/'°s''). Note that there are countably many sum-contracting groups, since 
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such a group is determined by a choice of generators, of map (p, and of which of the 
words of length ^ C/(l — A) are trivial; see ij2.4l for details. 

Theorem B. For every periodic sequence lo containing all three letters 0, 1, 2 and 
every non-trivial finite group A, the finitely generated group := Alx G^^ is 
branched, sum- contracting, and has growth ~ exp(i?") for some a 6 (q;_, 1). 

Furthermore, the set of growth exponents a arising in this manner is dense in 

For these same a, there exists a torsion-free self-similar, residually finite group 
Guj of growth ^ n" . 

For example, has growth exp(i?"-), as was shown in [6]. The growth of 
Wuj for other periodic sequences is as follows: 

• For cj = 0212, the growth of is - exp(i?'°g2/iog,,) ^^^^ _ 2.4057 the 
positive root of X^^ - 39X^ + 192X^ - 256. 

. For w = 0102, the growth of is - exp(i?i°s2/iog^) ^j^j^ ^ _ 2.4283 the 
positive real roo t of X^ + 5^^ - SX^ - 16. 

• For uj = 0*~^12 and t —>■ co, the constant r/ converges to 2; more precisely, rj 
is the positive real root of X^* - (2*+^ +2*-^ -1)X^* + {1?*-^ +2*+2)X* - 1?\ 

For t large, that polynomial is approximately proportional to (X/2)2* — 
f(X/2)* + i, so 77 « 2^(5 + Vl7)/4 2(l+C/i) with G = log((5+Vl7)/4). 
This gives growt h - exp(i?i-c"/(tiog2)) for C' ^ C as i ^ oo. 

• For u! = 0*1*2* and t — > oo, the constant 77 also converges to 2; more 
precisely, i] is the positive real root of 

j^9t _ (4 . _ 6 . 2^* + 6 ■ 2* - 1)^6* - (2^* - 6 ■ 2^* + 6 ■ 2^^* - 4 • 2^^)X^^ - 2^*. 

For t large, that polynomial is approximately a multiple of (X/2)^* — 
4(X/2)3* - 1, so 7? « 2 + V5 « 2(1 + G/t) with G = log(2 + V5). This 
gives growth exp(i?^~'^'/(*iog2)^ for C" ^ C as i ^ 00. 

• If two finite sequences a;,w' may be obtained one from the other by cyclic 
permutation of the letters and permutation of the labels 0, 1,2, then the 
groups W— and W— are isomorphic. Furthermore, if uj is the reverse of w', 
then Wzj and W-^ have same growth; this also happens in other cases, e.g. 
Lj = 000102211 and uj' = 002002111. The corresponding groups are not 
isomorphic, at least if A has odd order; indeed an isomorphism would have 
map G— to G— , but these last groups are not isomorphic, see |16) . 

These examples were obtained with the help of Proposition 14.41 by computing 
the characteristic polynomials of the corresponding products of matrices ([2]) . 

1.1. Growth of groups and wreath products. We define a partial order on 
growth functions v: R+ M+, as follows. Say v ^ v' if, for some constants 
C, D > 0, we have v{R) ^ v'{GR) for all R> D. Then v ^ v' if v :< v' ;< v. 

We recall briefly the classical lemma that the equivalence class of a growth func- 
tion is independent of the generating set. More generally, we shall consider weighted 
word metrics of groups, given by a weight function || • || : 5 ^ R* for a generating 
set S. The norm of a word w = si . . . Si is then ||si|| + ■ ■ • + \\si\\, and the norm 
of 5 6 G is the infimum of norms of words representing it. The growth function is 
then7;(i?) = #{.g6G|i?^||5||}. 

Consider a group A, and a group G acting on the right on a set X. Their permu- 
tational wreath product is = Alx G := (2x ^) ^ with the natural permutation 
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action of G on A. If A, G are finitely generated and G acts transitively on X, 
then W is finitely generated. Fix a basepoint p e X; then is generated by S" u T, 
with 5 a generating set of G and T the set of functions X ^ A that vanish outside 
p and take values in a fixed generating set of A at p. 

The growth of W is intimately related to the inverted orbit growth of G on 
X: the maximum A(i?), over all words si...si e iS* of norm at most R, of 
#{psi . . . Sf, /OS2 • • • S£, ■ • • , p}. This was already used in [6 to determine the 
growth of WqY2", and in 7^ to prove that certain permutational wreath products 
have exponential growth 

1.2. Sketch of the argument. Let us consider infinite sequences uj over the alpha- 
bet {0,1,2} which alternates appropriately in segments of the form (012)*'= and 
2-"=. For any such sequence, Grigorchuk constructed in [TB] a 4-generated group 
Gu = (a, b, c, d) of intermediate growth, acting on the infinite binary rooted tree 
T, see W2.ll The first generator permutes the two top-level branches of T, while 
the next three fix an infinite ray p in T and permute branches in the immediate 
neighbourhood of p according to uj; the ith letter of uj determines how b, c, d act on 
the neighbourhood of the ith point of p. 

Let X denote the orbit of p under G^j, choose a non-trivial finite group A, say 
Z/2Z, and define W^j = Alx Guj, the permutational wreath product of A and G^] 
see g22I 

We estimate the growth of Wuj by bounding from above the word growth of G^^ 
and by bounding from above and below the inverted orbit growth of Gi^ on X, as 
in j6]. The difference may be summarized as follows: instead of considering a fixed 
group Gui, we consider a sequence of groups Gi, and a dynamical system relating 
optimal choices of metrics on them. We relate the growth of the G,; to properties 
of the dynamical system. The example of W%j2 is recovered as a 3-periodic orbit 
in the dynamical system. 

Let Gi denote the group G^i^ for s the shift map on sequences. There are then 
injective homomorphisms Gi Gi+i I &2- For each i we consider a space of 
metrics on Gi, see SJ31 These metrics are specified by setting the lengths of a, b, c, d, 
and are naturally parameterized by the open 2-simplex. The boundary of the 
simplex corresponds to degenerate metrics, in which ||a|| = 0, while the corners of 
the simplex correspond to even more degenerate metrics, in which ||a|| = ||a;|| = for 
some X e {&, c, d}. The scale of the metric is set by the condition ||a6|| -I- \\ac\\ + \\ad\\ = 
1. 

We select for each i a metric || • ||i on Gi and a parameter rji e (2,3), such that 
the map (j)i is coarsely (2/?7i)-Lipschitz (i.e. satisfies ||(/)i((7)||i_|.i ^ 2/?7i||(jr||i -I- C for 
a constant G) with respect to the metric on Gi and the £1 metric on G^+i x G^+i; 
see Lemma [3731 The optimal choice of metrics is studied via a projective dynamical 
system on the simplex. In fact, rji depends analytically on || ■ ||i and the ith letter 
of oj. Whenever w has long constant subwords, the metrics degenerate towards the 
boundary of the simplex, but do so in a controlled manner; in particular, we make 
sure that the metrics never degenerate to a corner of the simplex. 

We arrive at the heart of the argument. The first step is to deduce, in Proposi- 
tion 13. 6[ an upper bound on the word growth of Gi , in terms of 771 ■ • ■ 77^ . 

The next step, given in Proposition 13.91 deduces sharp upper and lower bounds 
on the inverted orbit growth of Gi on X. The first two steps together give sharp 
bounds on the growth of Wuj, see CoroUarv l4.2l 
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For Theorem \A\ the last step is to construct, out of a function / satisfying ([TJ, 
a sequence uj such that rji ■ ■ ■ Jji grows appropriately in relation to /; see the precise 
statement in Lemma 15.31 and Q . 

For Theorem [Bl the last step is to deduce, from expansion properties of the 
dynamical system on the 2-simplex, that the averages (771 • ■ -iji)^^^ along periodic 
orbits of the dynamical system take a dense set of values in [2, yy+j. 

1.3. Prior work. In 1983, Grigorchuk proved the existence of groups with inter- 
mediate growth function between polynomial and exponential. This answered a 
long-standing question asked by Milnor [25] . Since then, improved upper and lower 
bounds for the growth of Grigorchuk's group have been found; the best upper bound 
is exp(i?"-) ss exp(i?° ''^'''*), see [1], while the best lower bound is exp(i?°'^^^'''), 
see [2]. Note that previous articles often use the notation 77 = 2/r]+. 

Grigorchuk constructed in [HI Theorem 7.2] a continuum of 2-groups Guj of 
intermediate growth, for lj suitably chosen among infinite sequences over the al- 
phabet {0, 1, 2}. Similar constructions of p-groups for any prime p, and of torsion- 
free groups were given in [17]. He proved that the G^, have nonequivalent growth 
functions, that their growth functions are not totally ordered, and that for every 
subexponentially growing function p there exists a group whose growth function v 
satisfies v ^ p and v < exp(i?). This argument was modified in [13] to show that for 
every such p there exists a group whose growth function satisfies p < v < exp(i?). 

Grigorchuk's argument was to consider the groups G^j for lu containing very 
long subsequences of the form 2-''= ; he showed that the growth of Gui approaches 
the exponential function, at least on a subsequence. For these same sequences, we 
show that the growth of W^i uniformly approaches the exponential function. 

At the other extreme, if w = 012, the growth of G^j is minimal among the known 
superpolynomial growth functions. 

Generally, good lower bounds for the growth of G^j seem much harder to con- 
struct than good upper bounds; see [T2l[l4, 23 . 

A previous article by the authors [6] explores the growth of permutational wreath 
products of the form Alx G := x G, for a group A and a a group G acting on 
a set X. They obtained in this manner groups of intermediate growth exp(i?") 
for a sequence of a 1; those were the first examples of groups of intermediate 
growth for which the growth function was determined. The method of proof is an 
estimation of the growth of "inverted orbits" of G on X, see i i3.2l 

This construction was used by Brieussel [TU], who gave for every a ^ /? e (a_, 1) 
a group whose growth function oscillates between exp(i?") and exp(i?^) in the sense 
that loglogw(n)/log(n) accumulates both at a and /3. 

Kassabov and Pak [21] construct, for "sufficiently regular" functions vq 

g- ^ g+ ^ f- ^ f+ ^ exp(i?), a group whose growth function is between g- 
and /+, and takes infinitely often values in [/_,/_|.] and in [(7_,(7_|.]. Their idea 
is to chose finite groups (^n)nxso, and to consider an appropriate subgroup of the 
"permutational extension" A x Gq^, for A = Y[n>o with its natural G-action. 

Until recently, the analogue of Theorem |^ wasn't even known in the class of 
semigroups; though Trofimov shows in [^^ that for any /_ and /+ ;^ exp(i?) 

there exists a 2-generated semigroup with growth function infinitely often ^ /_ 
and infinitely often ^ For every submultiplicative function /, a semigroup with 
growth between f{R) and Rf{R) is constructed in [8]. In particular, if f{GR) ^ 
Rf{R) for some G > and all i? e N, then there exists a semigroup with growth 
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~ f. In other words, all growth functions uniformly above R^°^^ are realizable as 
the growth of a semigroup. Warfield showed in [53] that for every f3 e [2, oo) there 
exists a semigroup with growth ~ i?^; so the only known gap in growth functions 
of semigroups is Bergman's, between linear and quadratic [22, Theorem 2.5]. 

1.4. Open problems. We would very much like to obtain a complete description of 
which equivalence classes of growth functions may occur as the growth of a group. 
Thanks to Gromov's result [19] that groups of polynomial growth are virtually 
nilpotent and therefore of growth n'^ for an integer d, we are interested in groups 
of intermediate growth. The groups that we construct have growth above exp(i?"- ). 
A tantalizing open problem in the existence of groups of growth between polynomial 
and exp(y^); A conjecture of Grigorchuk asserts that they do not exist. We do 
not even know of any groups whose growth is between polynomial and exp(i?"-). 

All groups of intermediate growth known up to now satisfy a uniform lower bound 
on their growth, of the form ^ v{rjR) for some rj. Note that branched self- 

similar groups, being groups commensurable to a direct power of themselves, nec- 
essarily satisfy such an inequality. We ask whether every superpolynomial growth 
function of a group satisfies such an inequality, for large enough rj. 

2. Self-similar groups 

Self-similar groups are groups endowed with a self-similar action on sequences, 
namely, an action that is determined by actions on subsequences. We adopt a more 
algebraic notation. 

Definition 2.1. A self- similar group G is a group endowed with a homomorphism 
: G ^ G ; ©d, for some d e N. 

A self-similar group sequence is a sequence (Go, Gi, . . . ) of groups, with embed- 
dings ipi : d G^+i I &di for all i e N. 

A self-similar group gives rise to a self-similar group sequence: if </> : G ^ Gl&d, 
then set Gi = G, di = d and (pi = (j> for all i e N. 

Let (Gi) be a self-similar group sequence, the di and (j)i being implicit in the 
notation. Define 

To = |J{l,...,do} X •■• X {l,...,d,_i}. 

ieN 

This is the vertex set of a rooted tree (with root the empty product 0), if one puts 
an edge between xq ■ ■ ■ Xi-i and Xq . . . Xi-iXi for all xj e {1, . . . , dj}. We denote 
also this tree by Tq. 

The group Gq acts by isometrics on Tq as follows. Given g e G with ^0(5) = 
(/, tt) and xq . . . Xi^i e Tq, set 



{Xo . -.Xi-iY 



iii = 0, 

(xq ) {xi . . . Xi^i)^^^°^ inductively if i > 0. 

The boundary of Tq is naturally identified with infinite sequences 

dTo = Yl{h---,d,}, 

and the action of G on To extends to a continuous action on BTq. 

Definition 2.2. The self-similar group sequence (Gi) is branched if there exist for 
alH 6 N a finite-index subgroup Ki ^ Gi such that Kf^^ ^ 4>i{Ki) for all i 6 N. 
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For more information on branch groups, and the algebraic consequences that 
follow from that property, we refer to [5]. 

2.1. The Grigorchuk groups G^^. Our main examples were constructed by Grig- 
orchuk in [16]. Let {0, 1, 2} denote the three non-trivial homomorphisms from the 
four-group {1, 6, c, d} to the cyclic group {1, a}, ordered for definiteness by the con- 
dition that, in that order, they vanish on b,c,d respectively. Write ft = {0, 1,2}^ 
the space of infinite sequences over {0, 1, 2}, endowed with the shift map s.fl^fl 

given by s(woWi ■ • ■ ) = ^i'^2 

Fix a sequence uj e fl, and define a self-similar group sequence as follows. Take 
d = 2, and write 6d = {l,a}- Each Gi is generated by {a,b,c,d}. Set 

Ma) = «1, 1», Mb) = «^^{b), Mc) = «^.(c), c», Md) = «^r{d), d». 

The assertion that the (f)i are homomorphisms, and that the Gi act faithfully on 
the binary rooted tree, define the groups Gi uniquely. 

Define the Grigorchuk group G^j as the group Gq constructed above. We then 
have Gi = Ggiu for all i ^ 0, so there are homomorphisms (pu '■ G^ Gsu> I 62, 
and Go is the first entry of a self-similar group sequence. 

If oj is not ultimately constant, it is known that each of the G^ have intermediate 
growth, with growth bounded from below by exp(i?^/^) and from above by exp(i?); 
and no smaller function may serve as upper bound |161 Theorem 7.1]. 

(This may be also seen concretely as follows: consider the "universal" group G, 
defined as the diagonal subgroup generated by a = {a,a, . . .),b = {b,b,- ■ ■),c = 
{c,c,...),d = (d,d, . . .) in ]~[i.c;sn ■ Then this group has exponential growth — 
indeed, {db, dc, dd} freely generates a free semigroup.) 

Proposition 2.3. The group G^ is the first term of a self-similar group sequence; 

(1) if uj contains only a finite number of one of the three symbols, then Gui 
contains an element of infinite order; 

(2) if the sequence lu contains infinitely many of each of the three symbols, then 
Guj is an infinite, branched, torsion group; 

(3) if UJ is periodic and contains each of the three symbols 0,1,2, then G^j is 
self-similar. 

Proof. It was already proven in [IB] that G^^ is torsion if and only if lu contains all 
three symbols. 

To show that G^j are branched, consider the groups Gi = Ggi^ and homomor- 
phisms (f>i : Gi ^ Gi+il&2. For each i e N, let Xi e {b, c, d} be such that uji(xi) = 1, 
and set Ki = ([xi, a])*^'. Choose also jji e {b, c, d}\{xi}. Then 1 x Ki+i is normally 
generated by {(1, [a;i+i,a])), and 

«1, [x,+i,a]» = M[x^,yn) = M[x^,a][x^,a^') 6 MK^); 

the same holds for <<([a;i_|.i, a], 1». 

Consider first Gijixip^. This group is generated by two involutions a and t/i, 
so is a finite dihedral group, because Gi is torsion. It follows that (xip^ has finite 
index in Gi. Then Ki has index 2 in (xif^^ so also has finite index. 

Finally, if w is periodic, say of period n, then Go = Gn and the composition 
of the maps 0^ gives a homomorphism cj) : Gq ^ Go I 62", showing that G^j is 
self-similar. □ 
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2.2. The Groups Wu,. Fix a finitely generated group A, an infinite sequence 
p 6 {1, 2}^- such as p = 2'^, and its orbit X := p ■ G^j. Consider W^j := A Ix G^j- 

Proposition 2.4. The group is finitely generated, and is the first term of a 
branched self-similar group sequence. 

If Lj and p are periodic, then is also self-similar. 

If Lo and p are recursive and A is recursively presented, then so is W^j . If more- 
over A has a solvable word problem, then so does W^, . 

If A is torsion and uj contains infinitely many of all three symbols, then W^j is 
torsion. 

Proof. Clearly Wi^ is generated by {a, b, c, d} u S' for a finite generating set S of A; 
we imbed A in Wuj as those functions X ^ A supported on {p}. 

Let (Gi) be the self-similar group sequence with Go = Guj. Let pi be the sub- 
sequence of p starting at position i. Define Wi = A Ip^d Gi, with imbeddings 
ij^i -.Wi ^ Wi+i I &2 given as follows. Consider w = {u,g) e Wi, with u: piG A 
and g e G,. Write (j)i{g) = (/, tt) with /: {1,2} ^ G,+i and vr e ©a- For k e {1,2}, 
set Uk{x) := u{kx): pi+xGi+i — >■ A. Then 

tpt{u,g) = {k<-^ (ufc,/(fc)),7r). 

Furthermore, let Ki be the finite-index subgroup of G^ for which (G^) is branched. 
Then Li := AlKi has finite index in Wi, and shows that {Wi) is branched. 

If UJ is periodic, say of period n, then Go = G„ and we get, composing the maps 
(f>f), . . . , 0„, an imbedding 4> : Gq ^ GqI ©2", showing that Guj is self-similar. The 
same holds for W^^. 

For a presentation of W^ , see [4] , [11] and [6] . Let A be generated by a finite set 
S; then W^^ is generated by S* u {a, b, c, d). The relations of W^) are the following: 
those of A; those of G^^; commutation relations [s, (s')^] for all s,s' e S and g e G^j 
not fixing p; and commutation relations [s,g] for all s e S' and g e G^j fixing p. 

If w is recursive, then the action of G^ on X is computable, so the sets {w e 
{a,b,c,d}* I pw = w} and {w e {a, &, c, d}* | pw lu} are recursive; so Wu) is 
recursively presented. 

If moreover the word problem is solvable in A, then it is also solvable in W^. 
Indeed G^^ is contracting, so the word problem is solvable in G^\ see N2.4I A word 
in is trivial if and only if its image in G,^ is trivial and its values at all a; e X 
are trivial in A. 

If w contains infinitely many of all three symbols, then G^ is torsion; if moreover 
A is torsion, then Wi^, being an extension of two torsion groups, is also torsion. □ 

2.3. The torsion-free groups G^. Grigorchuk constructed in [ITl §5] a torsion- 
free group G of intermediate growth; it was later noted in [18] that G acts con- 
tinuously on the interval [0, 1]. We shall consider variants G^^ of his construction, 
which we now recall. 

The group G^ is a self-similar group in the sense of Dcfinition l2.1[ but the map 4> ■ 
Guj GsLj I &2 is not injective. We construct the groups G^j via a slightly different 
definition. Each of the groups G^i acts faithfully on Z'^ , the rooted tree of infinite 
arity. Each G^j is generated by {a,b,c,d}. Each uj e {0,1,2} is now understood 
as a homomorphism (b,c,d) ^1? ^ 1 ^ (a), via 0(6) = 1, 0(c) = 0(d) = a etc. 
under cyclic permutation. There is a homomorphism (p^j : G^, Yiz >^ given 
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by 

4>^{a) =«..., l,l,...»(nH^n + l), 

4>Lj{x) = (< . . . , Wo (a;) , a;, • • • » for all x € {b,c, d), 

where the . . . indicate that the sequence repeats 2-periodically. In particular, the 
map a !—>■ a,b 1-^ b,c 1-^ c,d !—>■ d extends to an epimorphism : G^^ —>■ G^^. 

We proved in P, Lemma 5.7], that ker^Qj2 is abelian, isomorphic to Z x "^'^ 
the argument extends with no changes to ker^^^ for arbitrary lo. We proved in 
Proposition 5.8 that G-^^ has growth function equivalent to 1? I G-q^\ again, the 
argument extends without changes to all G^^. 

The following result essentially appears in [TB]; there, Grigorchuk and Machi 
show that GqJ2 is residually virtually nilpotent and residually solvable. 

Lemma 2.5. The group G^j is residually 2-finite. 

Proof. For all n e N, let 7r„ denote the homomorphism G^j &2" defined by 
restricting the action of G^j to sequences in {1,2}", and let be the normal 
closure in Gui of <a^" , 6^" , c^" , d^" >. 

Consider then the normal subgroups P„ = A'^,jker(7r„ o of G^j- On the one 
hand, G^/Pn is a finite 2-group: it is a torsion abelian 2-extension of the finite 
2-group TTniGuj)- On the other hand, i-*x := HngN is trivial: Px is contained in 
ker^c^ ^ Z X Z"^, and is 2-divisible in Gc^. □ 

2.4. Presentations. Assume that cj is a recursive sequence; that is, there is an 
algorithm that, given n e N as input, computes the nth letter of ui. We then claim 
that Gi^ and G^j have a solvable word problem; that is, there are algorithms that, 
given a word w e {a, b, c, d}* as input, compute whether w = 1 in Guj and whether 
w = 1 in Guj- 

Indeed, the following algorithm solves the word problem in G^j- Given w e 
{a,b,c,d}*, first perform all elementary cancellations l,b^ 1, . . . ,bc ^ 

d, . . . . If u; became the empty word, then w = 1 in G^j- Otherwise, if the exponent 
sum of a in w is non-zero, then w ^ 1 in G^j- Otherwise, compute wq, and using 
it compute 4>o(w) = <^wi,W2'^. Noting that suj is again a recursive sequence, apply 
the algorithm recursively to wi and W2, to determine whether both are trivial in 
Gsbj- 

The algorithm terminates because Gui is contracting. 

A small modification of that algorithm solves the word problem in G^. Given 
w 6 {a-^,b-^,c-^,d-^}*, first perform all elementary substitutions cb bc,dc 
cd, db bd and free cancellations. If w became the empty word, then w = 1 in G^j. 
Otherwise, if the exponent sum of a in w is non-zero, or if w 6 (6, c, d), then w ¥= 1 
in G(j. Otherwise, compute loq, and using it compute (I)q{w) = ((tui, ^2)). Noting 
that su) is again a recursive sequence, apply the algorithm recursively to wi and 
W2 , to determine whether both are trivial in G^w • 

Corollary 2.6. Ifuj is recursive, then G^j and G^j have solvable word problem, and 
are recursively presented. 



Proof. The solution of the word problem is given by the algorithms above. The 
groups are then recursively presented, by taking as relators, e.g., all words that are 
trivial in them. □ 
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More efficient recursive presentations are described in [27] . 

Note that (unless u is eventually constant) the group Goj is not finitely presented. 
In fact, no finitely presented example of branched group with injective 4> is known. 

On the other hand, contracting groups may be described by a finite amount of 
data, and this immediately implies that there are countably many such groups. Let 
G be a contracting group, with self-similarity map (j> : G ^ Gl&d- Fix the notation 
4>{g) = {{51, • • • ,gd^T^g- The contracting property implies that there are constants 
A < 1 and C such that \\gi\\ ^ A||g|| + C. 

Fix a generating set S for G. The map (f> is determined by its values on generators, 
namely by #5* permutations in &d and d^S words in the free group on S. The 
corresponding map <j) : Fs ^ Fs I &d is not contracting, but there exists a finitely 
presented quotient G of Fs, with Fs ^ G ^ G, for which the induced map 
41 : G ^ G l&d is contracting (but not injective). 

The contraction property implies the following: for any g e G, sufficiently many 
applications of and projection to a coordinate gi result in elements of norm at 
most B := (C-|-l)/(l — A). There are finitely many elements in the ball of radius 
B in G; let us fix which of these elements project to the identity in G. 

We claim that these data — the map (j) : S ^ Fs I &d, the finitely presented 
group G, and the set W of words of length at most B inG projecting to the identity 
in G — determine G completely. To see that, it is sufficient to exhibit an algorithm 
solving the word problem in G. 

Given g € G, written as a word in S, do the following. If \\g\\ ^ B, then g = 1 if 
and only if it belongs to W. Otherwise, compute 4>{g) = ((51, . . . ,gd^TTg. If % 7^ 1, 
then g # 1. Otherwise, apply recursively the algorithm to determine whether 
gi,...,gd are all trivial in G. This is well-founded because (by the contraction 
property) we have \\g4 ^ ||g|| - 1. 

3. Metrics on the Grigorchuk groups G^ 

Let Gui be a Grigorchuk group as above; it is the first entry of a self-similar 
group sequence with Gi = Ggi^. We put a word metric on each Gi, i.e. a metric 
II ■ II i defined by assigning a norm to each generator and extending it naturally to 
group elements. This metric is determined by a point Vi in the open simplex 

A = {(/3, 7, 5) I max{/3, 7, <5} < i, /3 + 7 + ^ = 1} 

with vertices (i, |,0), (^,0, i), (0, i, i). It assigns norm a := 1 — 2 max{/?, 7, 5} to 
a, and norms /3 — a, 7 — a, 5 — a to 6, c, d respectively. 

In particular, the norm of the longest of b, c, d equals the sum of the norms of 
the two shortest. 

In order to appropriately construct metrics on the Gi, we consider the space 
A X ri, and define three 3x3 matrices Mx, for x e {0, 1, 2}, by 

/I 1 1\ /2 0\ /2 0\ 

(2) Mo = 2 , Ml = 1 1 1 , M2 = 2 . 

\o 2/ yo 2/ \1 1 1/ 

Define a continuous function ry : Ax{0,l,2} (2, 3] by the condition r7(p, a;)^^Ma;(p) e 
A, and projective maps M^: A ^ A by the Mx{p,x) = rj{p,x)^^ M^ip). Define 
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next a shift map siAxil^Axilby 

S{p, WqWi . . . ) = {P),^1^2 ■■■)■ 

Define finally a continuous function /i: A ^ (0, f] by 

m(/3,7,'5) = min{/?,7,5}. 



The function is equivalent to the minimal euclidean distance from p e A to a 
vertex of A. 

Note that the have disjoint images, and that the union of their images is 
dense in A. More precisely, each maps A to the simplex spanned by two vertices 
and the barycentre of A. The shift map s: Axfi^Axfiis injective with dense 
image. Define A' c A by 



Then A' is dense in A, being the complement of countably many line segments, 
and s : 17+ 0+ is bijective. The metrics on the Gi defined by p e A' are non- 
degenerate. 

Endow A with the Hilbert metric dA{Vi,V2) = log(Vi, F2; V+), computed 
using the cross-ratio of the points Vi , V2 and the intersections V- , V+ of the line 
containing Vi,V2 with the boundary of A. Endow Q with the Bernoulli metric 



Lemma 3.1 (Essentially [9]; we have not been able to locate a proof of the following 
extension). Let K be a convex subset of a real vector space, and let A : K —>■ K be 
a projective map. Then A is 1-Lipschitz for the Hilbert metric. 

If furthermore A(K) contains no lines from K (that is, A[K) n i K n £ for 
every line £ intersecting K ), then A is strictly contracting. 

Proof. Since A is projective, it preserves the cross-ratio on lines, so we have dA(K){A{Vi), A{y2)) = 
(^x(Vi, V2) for all Vi,V2 G K. Furthermore, on the line H through Vi,V2, the inter- 
section points £ n 8A{K) are not further from Vi,V2 than {V+, F_} = £ n dK; the 
Hilbert metric decreases as V+ are moved apart from Vi , V2 , and this gives strict 
contraction under the condition A{K) n £ ^ K n £. □ 

Lemma 3.2. The homeomorphism s: $7+ is 'hyperbolic': it decomposes as 

the product of an expanding and contracting map. 

Proof. The expanding direction is 51; indeed the Bernoulli metric is doubled by the 
shift map. The contracting direction is A; indeed the maps are projective, hence 
contracting by Lemma IXTl Note that the contraction is strict, but not uniform. □ 

Let Vb 6 A' be a given metric on Gc^; this defines a point (Vb, w) e il"*". We then 
let Vi be the first coordinate of s*(Vb,w), and have defined a metric || • ||i on each 
Gi. We also set rji = r]{Vi,uJi) and /Xi = /i(T^), to lighten notation. 

(Note that the choice of Vb e A' will ultimately not be very important, because 
the maps are contracting. Indeed, for two choices Vb, Vb' we have Vi Vi, so 
f-i ~^ Mi r]i r\[ as i ^ 00.) 

Lemma 3.3. For each i ^ and each g e Gi, with (j)i(g) = {{51, 32))7r, we have 




d{uj,u')=^. 



2-\ 



2 

\\gil+i + \\g2h+i ^ -{\\gl + \\al). 
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Proof. Wc consider first uji = 0; the general case will follow. Consider Vi = 
{Pi,lt,5i) 6 A, and Vi+i = Mo{Vi) = (/3j+i, 7^+1, ^i+i). We compute ?}i = 
V(V,,0) = 3 - 2/3„ and V,+i = (I/77,, 25,/7/0, so 

||5||,+i = /3,+i - ||a||,+i = /3,+i - 1 + 2/3,+i = S/ry, - 1 = 2A/77,. 

The same result holds, cyclically permuting /3,7,(5, for all Mx- We therefore have 

||6||,+i + ||a;,(6)||,+i = 2ft/r;, = 2/r],{\\b\U + ||a||0, 

(3) ||c||,+i + ||a;4c)||,+i = 27,777, = 2/?7,(||c||, + ||a||,), 

\\d\\i+i + = 2Si/'n^ = '^/Vi{\\dh + \\a\\i). 

On the other hand, g may by written as an alternating word in a and b, c, d, 
because of the relations = = = bed = 1. Group each 5, c, d-letter with an 
a, and sum the corresponding inequalities; there may be an a left over. This gives 
the desired inequality. □ 

Even though the metrics we consider on Gi^ are not word metrics, the volume of 
small balls are well understood. We include the following result for future reference, 
though it will not be used in this article: 

Lemma 3.4. There are two absolute constants Ki,K2 > such that, for every 
group Gui with metric given by Vq e A, we have 

^^.(1/2)^^. 
Mo m 

Proof. Assume without loss of generality /3 ^ 7 ^ 5. A word of norm ^ 1 and 
length ^ 4 may contain only as and 6s, because otherwise it would have norm at 
least /3 + 7 > 1. It must therefore be of the form V(abya^ for e {0,1} and 

Lemma 3.5. For every A> Q there exists a constant K , such that, for all Vo £ A', 

we have v{A^t^) ^ K. 

Proof. The minimal norm in (G^j, || • ||vb) ^f a non-trivial product of two generators 
IS /io; we can therefore take K = A^'^. □ 

3.1. Volume growth of Gi^, upper bound. Let Vi{R) denote the volume growth 
of Gi for the metric || ■ The following proposition, and its variants in i j3.2[ are 
key to our computation of growth functions. 

Proposition 3.6. There is an absolute constant B such that for all k eN, we have 

voiriorji ■ • -Tyfe-iMfc) ^ ■ 

Before embarking in the proof, we give a few preliminary definitions and results. 
For a non- negative function f(R), its concave majorand is the smallest concave 
function /"*" greater than /; the graph of /"*" bounds the convex hull of the graph 
of /. It may be defined by 

(4) /+(i?)= sup (l^fip) + ^fiq) 

p<R<q\q-p q-p 

The following lemma is not used in the argument, but only included for illustra- 
tion. It implies that the growth functions considered in Theorem |A] are equivalent 
to log-concave functions. 
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Lemma 3.7. Let g: 

concave function. 



be a function satisfying 



Then g is equivalent to a 



Proof. First, the inequality g(2R) ^ g{R) alone implies that g is equivalent to a 
subadditive function, namely a function satisfying g{R + S) ^ 9{R) + 9{S)- We 
therefore assume, without loss of generality, that g is subadditive. Let g* be the 
concave majorand of g, as in (jlj. We will show g* ^ 2g; this with the second 
inequality in (jS]) yields the claim. 

Without loss of generality, assume also that g is increasing. Consider a < x < b 
such that g*{x) = (x - a)/(b - a)g(b) + (5 - x)/{b - a)g{a). Write b = Nx + c 
with ^ c < x. Then {b - a)g*{x) = (x - a)g{Nx + c) + {{N - l)x + c)g{a) ^ 
{x-a){Ng{x)+g{c)) + {{N-l)x+c)g{a) ^ {x-a){N + l)g{x) + {{N -l)x+c)g{x) = 
{2Nx + c - (iV + l)a)g{x) ^ 2(6 - a)g{x), so g*{x) ^ 2g{x). □ 

Lemma 3.8. For all k e N we have rjk^ik+i ^ + 

Proof. We write 14 = (/3, 7, 5), and assume without loss of generality ujk = 0. Then 
the inequality 

77fe^fc+i = 2 min{7, (5} ^ min{/3, 7, (5} + (1 - max{^, 7, (5}) = Hk + \\a\\k 
is checked by considering the six cases /3 < 7 < (5 etc. in turn. □ 
Proof of Proposition \3.6l By Lemma 13.31 we have 
(5) Vi{R) ^ 2v,+i{po)vi+i{pi) 

Jpo+Pi^2/7j.{R+HU) 

2 

^2(H {R+\\a\\i)) max i^i+i(po)^^i+i(Pi)- 



Set ai{R) := (iogVi)'^ (R). Below, we abbreviate in 
log Vi(q), which is similar to that of log Vi(p): 



the development of 



a^{R) 



sup 

p<R<q { q — P 

^ q-R 



q-R. , X , R-v. I . 

log (p) + log (g) 



^ sup 



^ log 2 + sup 



^ log 2 + sup 



log 2wi+i(po)wi+i(pi) + 

Jpo+Pl = ^(p+||a||,) 

J 



R-p 



p<R<q I 9 



^ log 2 + sup 



9 


-p 


q 


-^1 


q 


-p 




R 




+ — 




q 


q 


-R 



-log r 

P ■Jpo+pi = 



q-p 

exp (ai+i{po) + ai+i{pi)) + 
P + \\a 



by ® 

R-p 



■P 



exp 



-(p+l|a||.) 



9 -J5 



because cti+i is concave 
2(P+l|a|IO 



^ log 2 + log (^1 + 



p<R<q { q — P 

2{R+M 



log(l + ^^P±l^)+2a.,,r-±l^) 



R-p 
q-p 



because ai+i and log(l + • • • ) are concave. 
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Set then /3,{i?) = ai(i? + /i,) + log(l + i? + Aij) + 2 log 2 + 2 logS. We will in fact 
prove the stronger inequality /3o(??o?yi • • ■Vk-il^k) ^ 2*^5' for an absolute constant 
B'. We have 

= + + log(l + ^ + +21og2 + 21og3 

^ 3 log 2 + 2 log 3 + log(l + i? + M.) + log (l + ^-^^±MA) + 2a.,, (^±fl±Ml) 

^ 2 [ 2 log 2 + log 3 + log r]i + log (iH h ^i+i) + ( h ^i+i) ) by Lemma 

^ 2/3,+i (i?/r?0. 
We therefore have 

ao(??o ■ --riki^k) ^ Poivo ' ■ ■Jyfe-iMfc) ^ 2^ (ikijik) ^ ak{2nk) + log(l + 2/Xfe) + log 36, 
and ak{2^k) is bounded by Lemma [331 □ 



3.2. Inverted orbit growth of Gui- Recall that, for a group G acting on a set X 
on the right and a basepoint * e X, and for a word w = gi . . . e G* , we denote 
by A(w) the cardinality of the inverted orbit {*gi . . . gR, *g2 ■ ■ ■ gn, ■ ■ ■ , *gR, *} of * 
under w. We denote by A(i?) the maximal inverted orbit growth of words w e S^. 
Following the notation used before, we denote by Aj(i?) the maximal size of an 
inverted orbit under a word in Gi of norm at most R in the metric || • \\i. 

Proposition 3.9. There is an absolute constant C such that for all k e N we have 

2''^ ^ A(,7o---77fe_iMfc) ^C2^ 

Proof of the upper bound. The calculation in this section follows closely that of the 
previous §. Let again A^ denote the concave majorand of A^. Lemma 13.31 gives 

A+(77,i?) ^ 2A,+i(i?+ ||a||,/7y0. 
The same argument as above applies, and we do not repeat it. □ 

On the other hand, we also obtain a lower bound on the inverted orbit growth, 
using a substitution. For that purpose, define self-substitutions of {ab,ac,ad}, 
for X 6 {0,1,2}, by 



Co 

Ci 

C2 



ab adabac, ac —>■ acac, ad adad, 
ab 1—^ abab, ac —>■ abacad, ad adad, 
ab 1—^ abab, ac —>■ acac, ad acadab, 



and note that, for any word w e {ab, ac, ad}* (representing an element of G^+i) we 
have 



<<(w, w)) if ^(^. (w) contains an even number of 'a' 

e{<(wa, a^^w)) if Cuii{w) contains an odd number of 'a'. 
In particular, defines a homomorphism G^+i Gi. 



Proof of the lower bound. By induction, we see that for any non-trivial w e {ab, ac, ad}" 
(representing an element of Gk) we have 

Ao(u (w)) ^2^ 

Note then that, if Z e N'^ count the numbers of ab, ac, ad respectively in w, then 
Z'^Mx counts the numbers of ab,ac,ad respectively in (xiw)- Let as e {ab,ac,ad} 
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be such that ||s||fe is niimmal — if /3 ^ 7, J then s = b, etc. Let W be the vector in 
R'^ with a 1 at the position which s has in {ab, ac, ad} and elsewhere — if /3 7, (5 
then W = (1,0,0)', etc. Set w = ■ ■ •C^,_i(s). We have Ao(w) ^ 2'', and 

= Vo ■ ■ -Tlk-iW^Vk = riQ ■ ■ -rik-iHk- □ 

3.3. Choice of inverted orbits growth. If be a word of norm R over G, then 
its inverted orbit is a subset of X of cardinahty at most R + 1, and containing 
*. Furthermore, if w is a word over 5, then is contained in the bah of radius R 
in the Schreier graph of {X, *). The set {Ow \ w e S^} is therefore a finite subset 
of the power set of X, and we denote its cardinahty by 

Proposition 3.10. There is an absolute constant D such that for all k e N we 

have 

S(?7o • --rik-xP^k) ^ D . 

Proof. Again we denote by (R) the choice of inverted orbits growth function of 
Gi. The relevant inequality is 

^^{V^R) ^ f E,+i(^)S,+i(m), 

Jl+m = R+\\a\\,/rii 

and the same argument as in Proposition 13.61 applies. □ 

4. Growth of the groups Wu 

Recall that Wui is the permutational wreath product of a group A with Guj ■ We 
estimate the growth of in terms of its inverted orbit growth as follows: 

Lemma 4.1. Let A have growth va, and let G have growth vq. Let the inverted 
orbit growth of G on {X, *) be IS., and let its inverted orbit choice growth be E. 
Assume that va is log-concave. Consider W = Alx G. Then 

VG{R)vA{R/HR)t^'^^ :< vw{R) :< vg{R)va{R/a{r))^(''^^{r). 

Proof. We begin by the lower bound. For n e N, consider a word vu of norm R 
realizing the maximum A(i?); write 0{w) = {xi, . . . ,Xk} for k = A(i?). Choose 
then k elements ai, . . . , a/c of norm ^ R/k in A. Define / e A by f{xi) = Oi, 
all unspecified values being 1. Then wf e W may be expressed as a word of norm 
i? + |ai| + • • • + |a/c| ^ 2R in the standard generators of W. 

Furthermore, different choices of yield different elements of W; and there are 
VA{R/k)*' choices for all the elements of A. This proves the lower bound. 

For the upper bound, consider a word w of norm R in W , and let / e A 
denote its value in the base of the wreath product. The support of / has cardinality 
at most A(i?), and may take at most values. 

Write then sup(/) = {xi, . . . ,Xk} for some k ^ A(i?), and let ai,...,afc 6 A 
be the values of w at its support; write ii = \\ai\\. Since '^£i ^ R, the norms of 
the different elements on the support of / define a composition of a number not 
greater than R into at most k summands; such a composition is determined by k 
"marked positions" among i? + fc, so there are at most {^"^k^^) possibilities, which 
we bound crudely by R^/k\. Furthermore, if A is finite, then no such composition 
occurs in the count, because the norms of the Oi are bounded. Each of the ai is 
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then chosen among VAi^i)- elements, and again (by the assumption that va is log- 
concave) there are n^'4(^0 ^ VA{R/k)'^ total choices for the elements in A. In all 
cases, therefore, the (^"""fc^^) term is absorbed by VA{R/kY- if A is finite, then as 
we argued there is no binomial term, while if A is infinite then va{R) ^• 

We have now decomposed w into data that specify it uniquely, and we multiply 
the different possibilities for each of the pieces of data. Counting the possibilities 
for the value of w in G, the possibilities for its support in X, and the possibilities 
for the elements in A, we get 

vw{R) :<VG{R)vA{R/kf nR), 
which is maximized by fc = A(i?). □ 

The previous section then shows: 

Corollary 4.2. There are two absolute constants E > \,F such that the growth 
function v of Wui = Alx Gu) satisfies 

E^' ^v{i]o---ilk-it^k) r^F^\ 

Proof. Take together the upper bound on the growth of G^j from Proposition 13.61 
the bounds on the inverted orbit growth from Proposition 13.91 and the choices for 
the inverted orbits from Proposition 13 . lOl The conclusion follows from Lemma |4. II 

□ 

We now estimate what the growth of Wi^ for periodic sequences lu. We start by 
the easy 

Lemma 4.3. Let v^v':N —>■ N be increasing functions such that v{Rt) ^ v'{Rt) 
for an strictly increasing sequence i?i,i?2, • • • with Rt+i/Rt bounded. Then v ^ v' . 

Proof Say Rt+i/Rt ^ K for all t e N. Given i? e N, let t e N be such that 
Rt-i <Ri^Rt. Then 

v{R) ^ v{Rt) ^ v'{Rt) ^ v\KR), 
so V ;^ v'. □ 

The following result isolates a special case of Theorem |^ we include it be- 
cause it constructs groups with additional properties (recursive presentation, self- 
similarity) . 

Proposition 4.4. Let co = luq ■ ■ ■ i-^k-i be a periodic sequence. Let rj e (2, 3) be 
such that 

rf' = sp. radius(M(^^_^ • • • M^^g). 
Then the group has growth 

v^{R) ^ exp(i?'°S2/logr,>)^ 

Proof. We choose Vb e A to be an eigenvector for Mu:^_-^ ■ ■ ■ M^g. Then its eigen- 
value is rjk-i ■ ■ -rjo, and coincides with its spectral radius. Indeed the maps 
are contracting on A, so M^^^_^---M^g has precisely one real eigenvalue. We 
get r]k-i ■ ■ - Tlo = v'^- It suffices to estimate the growth function w{R) of W^j at 
exponentially-spaced values {rjk-i ■ ■ -VoY for i G N, by Lemma [4.3[ and at these 
places we have, by Corollarv 14.21 

E^"' ^ v{ri''*no) ^ F^"' for ah t 6 N, 
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SO, for all Rt = ?y Vo, we get 

Note that, because (Vq, i^) is periodic, the Vi define a discrete sequence in A and 
in particular do not accumulate on its boundary, so the function /i is bounded from 
below on {V^}. More care is needed in the general case. 

4.1. Dynamics on the simplex. We now show that the spectral radii in Propo- 
sition lT^ are dense in the interval [2, Ty+j. For that purpose, it is useful to translate 
the problem to a slightly different language. 

Let / be the projection of to A'. This is a 3-to-l map, and is expanding for 
the Hilbert metric on A, because the are contracting. Periodic orbits under 
/ correspond bijectively to s-periodic orbits in 17+, by reading them backwards. 
Indeed, the cj-coordinate can be uniquely recovered by noting in which subsimplex 
of A' the point lies. 

More precisely, if f'^q = q, then for i e {0, . . . let uji be such that f^~^{q) 
belongs to the image of M^^. , and extend the sequence uj periodically. Then the 
/-orbit of q is the reverse of the s-orbit of {q,ijj). 

Recall that 7y is a continuous function on the simplex; it equals 2 on the boundary, 
and 3 at the barycentre of A. Write 9{p) = logrjijp). For a periodic point p, of 
period k, write 9'^{p) the Cesaro average of 9 on p: 

0+{p) ■■= l{0{p)+9{fp) + ---+9{f-'p)). 

Lemma 4.5. Letp be an f -periodic point of period k in A'. LetojQ, . . . ,u!k-i be the 
corresponding address. Then the spectral radius of Mi^^_^ ■ ■ ■ M^^^ equals k9^{p). 

Proposition 4.6. The averages 9~^(p) are dense in [log2,log?7+]. 

Proof. Consider p,p' e two periodic points, say of period fc, k' respectively. 

Because / is expanding, there exist arbitrarily small open sets c A containing 
p, such that U c f'^{U) and /'^ uniformly expands on U; similarly f'^ uniformly 
expands on the neighbourhood W c A oi p' . Without loss of generality, we assume 
U and W are relatively compact. 

For any finite sequence a;i...aj„ 6 {0,1,2}", consider the fixed point p^i of 
Muj„ ■ ■ ■ . The triangles Muj„ ■ ■ ■ M^-^ (A) become arbitrarily small, as n ^ oo 
and all three symbols occur in wi . . . w„; so periodic points are dense in A. 

It then follows that, for every non-empty open set O, we have U„>q /"(O) = A; 
indeed U„>q /"(O) is open, and contains all periodic points because / is expanding. 

Because 9 is continuous on A, for any e > we can make U small enough so 

that l(9{q) + 9(fq) -\ h 9{f^^^q)) is less that e away from 9+{p), for all qeU. 

Similarly, W may be chosen small enough that the average of 9 on the first k' points 
of the orbit of q' is at most e away from 9^{p'), for all q' eU'. 

Since W is relatively compact, there exists i e N such that W c f^iU) and 
uniformly expands on U\ similarly U <^ f^ QA') for some £' e N. 

Consider now n,n' e N. We have locally defined contractions f^'^: U ^ U, 
f-^ -.W ^U, -.W and /-^' -.U ^W, which we compose: 

U - — > W > W ^ U > u. 
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This is a contraction lA ^ hi, so by the Banach fixed point theorem there exists a 
fixed point q eU for the composite +" ^ that remains close to the orbit of 

p for nk steps, wanders for ^ steps, remains close to the orbit of p' for n'k' steps, 
and wanders back to q for £' steps. 
The average oi 9 on q is 

The orbit of q is, except at ^ + £' instants, either close to the orbit of p or close to 
the orbit of p'. Consider any p e R_|.. Then, as n,n' ^ co with ratio n/n' —>■ p, we 
have 

pk{9+{p)+e)+k'{9+{p') + e) 

and 

pk{9+{p)-e) + k'{9+{p')-t) 



liminf 9 (q) ^ 

n,n'— >x 

limsup 6'"'"(g) ^ 



n,n'—irj: pk + k' 

Letting e tend to and simultaneously considering all possible p, we obtain a dense 
set of values in [9'^{p), 9'^{p')]. More precisely, for any t e [9'^{p),9'^{p')], let p be 
such that {pk9+{p) + k'9+ {p'))/{pk + k') = t; then for any e > there exists U,W 
as above; then £, I' as above; and finally n, n' large enough so that 16*+ (q) —t\< 2e. 

Finally, note that we can take for p the periodic orbit corresponding to the 
sequence uj = 012; while for p' we consider the periodic point corresponding to the 
sequence uj' = 0"12 for u sufficiently large; we have 9'^{p') log 2 as m ^ oo. □ 

4.2. Proof of Theorem [Bl Let w be a periodic sequence, and let A he a, finite 
group. We already showed in Proposition 12 .41 that is self-similar and branched. 
To show that it is contracting, we endow it with the following metric. It is generated 
by {l,a,b,c,d} x A; for s e {a,b,c,d} and t e A, the norm of st is ||s||, while for 
t ^ 1 in A its norm is ||a||. 

We start by a more general result, which holds for arbitrary sequences w. Recall 
from ij3]that we set Gi = Ggi^ and selected metrics || ■ \\i on d, giving constants 
rji. We set Wi = Alx Gi, with the metric above. 

The reason we can achieve lower bounds on the growth of Wi may be illustrated 
as follows; though we will not use it directly. Consider the corresponding per- 
mutational wreath products Wi = Alx Gi, and note that we also have injective 
homomorphisms tpi : Wi — >■ W^+i 1&2- The maps ipi have the same Lipschitz prop- 
erty as (j)i , see Lemma 14.71 Additionally, for all elements of Wi with sufficiently 
large support (and there are sufficiently many so as to dominate the asymptotics), 
we have a reverse inequality ^ 2/77i||g|| — C. 

The following combines Lemma l3.3l and 6, Lemma 4.2]; we only sketch the proof 
since it follows closely that of its models. 

Lemma 4.7. For each i ^ and each g e Wi, with "tpiig) = ^gi,g2^T^, we have 

2 

\\goh+i + \\gi\U+i ^ 2||a||,+i + -(||g||, + ||a||,). 

Proof. Consider a minimal representation g = siti . . . s„t„ of g e Wi in the gener- 
ating set {l,a,b,c,d} x A. Recall that we have ^i : Wi ^ Wi+i I &2, defined on 
generators by ipi{s) = (j)i(s) for s e {a,b,c,d}, and ipi{t) = (<(l,i)) foi' t ^ A. There- 
fore, (b,c,dy commutes with A in Wt; so (by minimality) we may assume that no 
two consecutive Sj,Sj+i belong to {b,c,d}. 
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It follows that we have g = a'^xitiax2t2 ■ ■ ■ axmtm, with e e {0, 1}, all X2, . . . , Xm-i G 
{b, c, d}, xi, Xm G {1, b, c, d}, and m ^ {n + l)/2. We then proceed as in Lemnia l3.3[ 
to construct words representing 51,32- Each tj contributes a tj to either gi or 
(72; each Xj contributes a letter in {l,a, 6,c, d} to each of gi and g2- Therefore, 
gi has the form uoj/iui . . .ymUm for some Uj e A and jji e {1, a, 6, c, d}, while (72 
has the similar form vqZiVi . . . ZmVm- Furthermore, + ^ 2/77i||aa;j ||, 

by ©. Then \gi\i+i + \92\i+i ^ ||Mo||i+i + ||^^o||j+i +2/'?4ll5||» + as was to 

be shown. □ 

We finally recall a classical estimate of growth as a function of sum-contraction: 

Lemma 4.8 (See e.g. [U Proposition 4.3]). If G is self-similar and sum- contracting 
with contraction rj, then vq exp(i?'°s<i/iog»)^^ 

Proof of Theorem [21 Lemma 14.71 gives an upper bound on the growth of ; the 

same upper bound comes from Proposition 14.41 

The density of the growth exponents in 1] follows from Proposition 14.61 
To obtain torsion- free examples, apply Lemma |4.1[ recalling that the growth of 
is equivalent to that of Z ? , see iJ2.3l □ 

5. Proof of Theorem El 

We now obtain more growth functions by considering W^j and G^j for non- 
periodic sequences uj. We first give an estimate for /i^; only the first part of 
Lemma l5. II will be used. 

For a finite sequence uj = a;o...w„_i e {0,1,2}" and p e A, we write by 
extension 

and 

riip^ujQ . ..UJn-i) = 7](p,LOa)ri(MujoP,i^i) ■ ■ ■ r|{M^^,,,^^_,_p,UJn-l)■ 
¥\x. also once and for all Vb G A'. When a sequence w is under consideration, 
it defines 14 G A' and rjk.iik by Vk+i = ^^^^{Vk) and rjk+i = ri{Vk,uJk) and 
Hk = Ai(Vfe). 

Lemma 5.1. Consider uj e {0, 1, 2}'^'. For k e N, let £ e N be maximal such that 
UJk-i+i ■ ■ - OJk contains only two of the symbols 0, 1, 2, say a, b. Furthermore write 
i-^k-i+i ■ ■ - ^k = a'^b-'i . . . a'^b-''" with m minimal. Then 

K/m ^ /ifc ^ L/m 

for absolute constants K,L. 

Proof. Without loss of generality, we assume uj = . . . 01*20*^ . . . I-'" , with ii-{- - ■ ■-{- 

/I 2" - 1 2" - 1\ 
= £. We have Mq.^ = 2" . 

\0 2" J 

The image of Mq is the open triangle spanned by(i,i,i), (i,0,i) and ( ^ , ^ , 0) . 
The image of A/qi* is contained in the open triangle spanned by {j, |, j), (i, i, i) 
and (i,i,0). The image of Moit2 is contained in the open triangle spanned by 
(i, |, |), (|, |, |) and (i, i, i). It follows that Vk-e belongs to that triangle, so 
fik-i G (|, |) is bounded away from 0. 
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Now, under application of 0, 1, the third coordinate of Vk-i+n decreases as n 
increases, while the first two approach 1/2. To understand how exactly, we consider 
V = (1/2 — pe, 1/2 — (1 — p)e, e) for some e « 1 and p e (5, 1), and compute 

_ / i-2->6 + 0(e2) \ 

(6) MoAV)= i-(l-2-»e + 0(e2) . 

\e-2p(l-2-")e2+C'(e3)/ 

A similar approximation holds for Min(V), with the first two rows switched. 

Write W = Mo"(y). It follows that p(W) t - Ad^ is bounded away from 
as n ^ 00, with A e (i, 1). On the other hand, ii n ^ 1, then W is of the 
form (1/2 - (1 - p')e',l/2 - p'e',e') for e' « e - Ae^ and some p' e (i,l). Set 
X = Mip(M^); then p{X) « e' -2p'(l -2-P){e')^ = e' - B{<i'f for some B e (i,l). 

If we now translate to coordinates e = l/A^, we get p{V) = l/N, p{W) w 
1/(N + A) and p{X) x 1/{N + A + B) with A, B e (i, 1). We repeat this m 
times, giving p{Vk) « 1/{N + Ai + Bi + ■ ■ ■ + A,^ + B,„) with A,,B, e (i, 1) if 
fJ'{Vk-i) « 1/N. This translates to if = 1, i = 2 in the statement of the lemma. In 
fact, the constants are a bit worse because of the approximations we made in (|6|). 
that are accurate only for small p. □ 

Corollary 5.2. // the sequence lj has the form 

(7) cj = (012)^1 (012)'^ 2^'^ (012)*^ 2^'^ . . . , 

with ii, Ji, 12, J2, ■ • • ^ 1, then the pk are all bounded away from 0. 

Proof. In fact, the image of M012 is the open triangle spanned by (i, i, i), (|, |, |) 
and (^, ^), so after each 012 the pk belongs to (^, |). 

The image of that triangle under M-2i is contained in the convex quadrilateral 
spanned by (i,i,i), (^,^, j^), (^1,5) and (^,^,5), so pk e (i, i) for all 

k. a 

We also show that 77 converges very fast to its limiting values under periodic 
orbits: 

Lemma 5.3. There exist constants A' ^ 1, B' ^ I such that 

(1) For all V e A' and all neN, 

V(V, (012)") ^ 

(2) For all V e A' and all neN, 

V{V,2") ^ TB'. 

Proof. Let V+ e A denote the fixed point of Moi2- Note first that ry(— ,012) is 
differentiable at V+, and that M012 is uniformly contracting about V+. Let U be 
a neighbourhood of V+ such that Af 012 is p-Lipschitz in lA, and let D be an upper 
bound for the derivative of log 77 (—,012) on U. We may assume, without loss of 
generality, that U contains the image of M012. Recall that rf_y_ = ry(y+, 012). 

For ah ken, write Vk = M(oi2)'= (V')- For fc ^ 1 we have d{Vk,V+) ^ 
so I log7y(Vfc, 012) — 31og?7+| < Dp''~^, while for fc = we write | log?7(y, 012) - 
3 log 7?+ 1 < 3 log 3. Therefore, 

n-l 

|logr?(l/,(012)")-3nlog?7+| ^31og3+2 | logr;(Vfc, 012)-3 log ry+ 1 ^ 3 log3+2?/(l 

k = l 
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is bounded over all n and V. The estimate ([T]) follows, with A' = 3'^ exp(Z3/(l — p)). 

For the second part, consider Vk = M2k{V), and note that Vk converges to a 
point Vrx, on the side {5 = |} of A. By the approximations we get c?(Vfc, V^J * 
2^'^, so definitely ci(Vfc,K>c>) < p''^^ for some p < 1. As above, r]{—,2) is differen- 
tiable in a neighbourhood W of {(5 = i}, and the derivative of log77(— , 2) is bounded 
on U, say by D. We may again assume, without loss of generality, that U contains 
the image of M2. Recall that r]{V, 2) = 2 for all V on {S = 5}. 

As before, for fc ^ 1 we have | logr]{Vk, 2) — log2| < Dp'^~^, while for fc = we 
write I log77(y, 2) — log2| < log 3. Therefore, 

n-l 

|log7y(l^,2")-nlog2| ^log3+ | logr^li, 2) - logry+| ^ log3 + - p) 

fc=i 

is bounded over all n and V. The estimate ([1]) follows, with B' = 3exp(I?/(l — 
p)). □ 

We now reformulate the statement of Theorem |X] as follows. For the main 
statement, set g{R) = log f{R); to construct a torsion-free group as in Remark 1 1.11 
define g implicitly by {R/g{R)y(^) = f{R). In both cases, we obtain 

(8) gi2R) ^ 2g{R) ^ g{r^+R) 

for all R large enough. For simplicity (since growth is only an asymptotic property) 
we assume that ([8|) holds for all R. Without loss of generality, we also assume that 
g is increasing and satisfies g{l) = 1. 

Recall that an initial metric Vq e A' has been chosen. We will construct a 
sequence lu such that, for constants A,B, we have 

(9) ^ ^ . 9(^(^0,0.0^.. c.,-!)) ^^^^^ ^. 

in fact, it will suffice to obtain this inequality for a set of values ko,ki, . . . of fc such 
that supj(fci+i — ki) < 00. Indeed, the orbit Vi of Vq in A' will remain bounded, so 
we will have p(l^i) e [C, 1] for some C > 0. Consider for simplicity the first part of 
the theorem, for which g{R) = log/(i?). Then, by Corollarv l4.2[ 



E^" i^v(rj(Vo,ujo...LUk-i)pk) ^w(Sg-i(2'=)), 

v{ACg-\2'')) ^ v{tj{Vo,u;o . . .u}k-i)pk) ^ F^' 

and therefore v{R) ^ exp{g{R)) = f{R). Similar considerations hold for the 
torsion- free case of Remark 1 1.11 using Lemma [4.11 



Proof of © • We will construct a sequence lu of the form ([7]) , 

u = (012)'i2^i (012)^^2^^ (012)'^ 2^'^ . . . , 

with ii,ji,i2, j2, • ■ • ^ 1- The pfc are bounded away from by Corollarv 15.21 

We start by the empty sequence. Then, assuming a;' = ojq . . .Wk-i has been 
constructed, we repeat the following: 



while g{ri{Vo,uj')) < 2*^, we append 012 to 



• while g{ri(VQ,Lu')) > 2*^, we append 2 to a;'. 
For our induction hypothesis, we assume that the stronger condition 

^2'^ ^g{^{Vo,Lo'))^2'' 
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holds for each k of the form ii + ji + ■ ■ ■ + im + jm, and that 

2' ^5(^(Vb,^')) ^3^2'= 

holds for each k of the form ii + ji + ■ ■ ■ + im', these conditions apply whenever u 
is a product of 'syllables' (012)*' and 

Consider first the case ^2*^ ^ g{ri{Vo,uj')) ^ 2*^; and let n be minimal such 
that 3(77(^0, w'(012)")) > 2'=+3". Then, for all i e {1, . . . ,n}, Lemma [OC]) gives 
r]{Vo,oj'{012y) ^ ■q{Vo,uj')?]^A'. Let -u e N be minimal such that A' ^ 77:^"; this, 
combined with g(rjj^R) ^ 2g{R), gives 

g(r;(yo,c.'(012y)) ^ .9(77(^0, 0.')^^") ^ 2-i-"2'=+3i. 

By minimality of 71, we have 5(77(^0, t^'(012)"-i)) ^ 2'=+3(»-i) ; since g is sublinear 
and 77 ^ 3, we get 

3(77(^0, w'(012)")) ^332'=+3". 

Consider then the case 2*^ ^ g(77(Vb, cj')) ^ 3'^2'"', which is completely sym- 
metric, and let n be minimal such that g{ri{Vo,ijj'2^^)) < 2*^+". Then, for all 
ie{l,...,n}, Lemma lOpI) gives 77(^0, w'2*) rj{Vo,u}')2'B'; this, combined with 
<?(2i?) ^ 2g(R), gives 

g(Tj(Vo,uj'2')) ^ 332'^'+'S'. 

By minimality of n, we have 17(77(^0, cj'2"~^)) ^ 2'^+""^; since g is increasing, we 
get 

5(77(l^o,^'2"))^i2'=+". 

We have proved the claim ©, with A = 2"i"" and B = 3^B'. □ 

Remark 5.4. The construction of w from / is algorithmic, in the following sense. 
If Vq is chosen with rational coefficients, then all Vk have rational coefficients, and 
therefore are be computable. Furthermore, rj{Vo,ujo . . . ujk-i) is also computable. 
Therefore, if / is recursive, then so is uj. 

It then follows that G^, and = Alx G^j are recursively presented (for 
recursively presented A) , see H2.'2\ and H2A[ 

5.1. Illustrations. Given a sufficiently regular growth function /, TheoremElcon- 
structs a sequence uj such that the growth of W^i is asymptotically /. We may pro- 
ceed the other way round, and consider 'regular' sequences w, using then TheoremlAl 
in reverse to estimate coarsely the growth of W^. Here are four examples: 

• Consider the sequence w = (012)21(012)22(012)23(012)2''.... Among 
the first k entries, approximately \/k instances of 012 will have been seen; 
therefore 77(Vb, . ■ . Wfe-i) ~ 2'^"'"'^(i)^. This gives a growth function of 
the rough order of 

exp(i?/ exp -^/logi?). 

• Consider the sequence uj = (012)21(012)22(012)2^(012)28.... Among 
the first k entries, approximately log k instances of 012 will have been seen; 
therefore 77(Vo,cjo . . • Wfe_i) « 2'^+'^(i''°s'^. This gives a growth function of 
the rough order of 

exp (i?/ log i?). 
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• Consider the sequence w = (012)22 (oi2)22 (012)22 (012)2^ .... Among 
the first k entries, approximately log log /c instances of 012 will have been 
seen; therefore 77(^0, wo ■•■ « 2*^+^(1) '°s log xhis gives a growth 
function of the rough order of 

exp(i?/log logi?). 

• Consider the Ackermann function 

n + 1 if m = 0, 

A{m, n) = < A{m — 1, 1) if m > and n = 0, 

A{m — 1, A{m, n — 1)) if m > and n > 0, 
and consider w = (012)2^(0'0i (012)2-4(1^1) (012)2-4(2.2) _ _ rj.^^^ ^ 
group of subexponential growth, whose growth is larger than any primitive 
recursive function of subexponential growth. 

Thanks. We express our gratitude to Bill Thurston for explanations and discus- 
sions on the topic of dynamics on the simplex and on the density of 77-averages as 
in Theorem |b1 which he generously contributed during a conference in Roskilde in 
September 2010. 

We are also grateful to Slava Grigorchuk and Pierre de la Harpe for their com- 
ments on a previous version of this article, that helped improve its readability. 
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